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CURVATURE BOUNDS BY ISOPERIMETRIC
COMPARISON FOR NORMALIZED RICCI FLOW ON THE
TWO-SPHERE
BEN ANDREWS AND PAUL BRYAN
Abstract. We prove a comparison theorem for the isoperimetric pro-
files of solutions of the normalized Ricci flow on the two-sphere: If the
isoperimetric profile of the initial metric is greater than that of some pos-
itively curved axisymmetric metric, then the inequality remains true for
the isoperimetric profiles of the evolved metrics. We apply this using the
Rosenau solution as the model metric to deduce sharp time-dependent
curvature bounds for arbitrary solutions of the normalized Ricci flow on
the two-sphere. This gives a simple and direct proof of convergence to
a constant curvature metric without use of any blowup or compactness
arguments, Harnack estimates, or any classification of behaviour near
singularities.
1. Introduction
The Ricci flow is a nonlinear parabolic evolution for Riemannian met-
rics which has been applied widely and with great effect in recent years,
most notably in the work of Perel’man [13–15] proving the Poincare´ and ge-
ometrization conjectures, and in work of Bo¨hm and Wilking [2] and Brendle
and Schoen [3–5] in proving a series of long-conjectured sphere theorems.
The Ricci flow was introduced by Richard Hamilton who applied the flow to
Riemannian metrics of positive Ricci curvature on three-dimensional mani-
folds [9].
The Ricci flow on surfaces is of a rather different character than in higher
dimensions, partly because there is only a single curvature function at each
point, so that methods involving pointwise comparisons of different parts
of the curvature tensor give no information here. In particular the tensor
maximum principle arguments which feature strongly in higher dimensions
are of much less utility in two dimensions, and very different proofs are
required.
Date: August 25, 2009.
2000 Mathematics Subject Classification. 35K55, 35K45, 58J35.
Key words and phrases. Ricci flow, Isoperimetric profile, curvature.
The research of both authors was supported by Discovery Grant DP0556211 of the
Australian Research Council. The second author’s research was assisted by an Australian
Postgraduate Award.
1
2 BEN ANDREWS AND PAUL BRYAN
The Ricci flow on surfaces of genus at least one can be dealt with without
great difficulty [10] by introducing a potential function which allows direct
estimates on the curvature using the maximum principle. However the genus
zero case is much more subtle, and was resolved only in several stages:
Hamilton [10] proved that the flow beginning with a positively curved metric
will converge to constant curvature, and Bennett Chow [7] proved the result
for arbitrary metrics on with genus zero, by making use of a differential
Harnack inequality and an entropy estimate to show that the curvature
eventually becomes positive.
The method we employ in this paper is inspired by more recent work
of Richard Hamilton [11], in which isoperimetric bounds were derived to
rule out the possibility of a ‘type II’ singularity. This, together with his
earlier work in classifying both Type I and Type II singularities, led a to a
proof of convergence to constant curvature for arbitrary metrics on the two-
sphere. In this paper we show that a modification to his argument directly
implies bounds on curvature for solutions of the normalized Ricci flow on the
two-sphere, sufficiently strong that they give exponential convergence to a
constant curvature metric without requiring any further tools: No Harnack
estimates or entropy estimates, compactness theorems, or classifications of
type I or type II solutions are required.
Our result amounts to a comparison theorem, allowing the isoperimetric
profile of an arbitrary solution of normalized Ricci flow on the two-sphere to
be compared with that of an arbitrary axially symmetric positively curved
solution. Our explicit bounds are obtained by applying this comparison with
the explicit solution known as the Rosenau solution, and consequently the
bounds we obtain are sharp, and attained exactly on the Rosenau solution.
2. Notation and preliminary results
We denote by K(x) the Gaussian curvature of a surface M at x, given
by R(e1, e2, e1, e2) for any orthonormal basis for the tangent space at x and
hence equal to half of the scalar curvature. The normalized Ricci flow is the
equation
(1)
∂g
∂t
= −2(K − k)g,
where k is the average of the scalar curvature: k = 1|M |
∫
M Kdµ(g), which
by the Gauss-Bonnet theorem is equal to 4pi|M | in the case of a metric on the
2-sphere. Observing that the normalized Ricci flow preserves the area of
the surface, we scale the initial metric so that |M | = 4π, and the Ricci flow
equation becomes ∂g∂t = −2(K − 1)g.
We make use of an elementary existence result proved as in [9, Theorem
14.1]: For any smooth normalized initial metric there exists a unique solution
of equation (1), which continues to exist and remains smooth as long as K
remains bounded.
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For a compact Riemannian surfaceM , the isoperimetric profile h : (0, 1)→
R+ of M is defined by
h(ξ) = inf {|∂Ω| : Ω ⊂M, |Ω| = ξ|M |} .
For each ξ ∈ (0, 1) the isoperimetric ratio is attained by a domain Ω ⊂ M
with boundary given by a smooth embedded curve with constant geodesic
curvature. We will need the following observation about the topology of the
optimal curves:
Theorem 1. Let (M,g) be a compact Riemannian surface with isoperi-
metric profile h. Let ϕ be a strictly concave positive function on (0, 1). If
h(ξ) ≥ ϕ(ξ) for every ξ, and h(ξ0) = ϕ(ξ0) for some ξ0 ∈ (0, 1), then the
optimal domain Ω with |Ω| = ξ0|M | which satisfies |∂Ω| = ϕ(ξ0) is connected
and has connected complement. In particular, if M = S2 then Ω is simply
connected.
Proof. We prove that Ω and its complement are connected: If not, then we
can write Ω = Ω1∪Ω2, and we have |Ω| = |Ω1|+|Ω2| and |∂Ω| = |∂Ω1|+|∂Ω2|,
and all of these are non-zero. But then we have
ϕ
( |Ω1|
|M |
)
+ ϕ
( |Ω2|
|M |
)
≤ |∂Ω1|+ |∂Ω2|
= |∂Ω|
= ϕ
( |Ω|
|M |
)
= ϕ
( |Ω1|
|M | +
|Ω2|
|M |
)
< ϕ
( |Ω1|
|M |
)
+ ϕ
( |Ω2|
|M |
)
,
where we used strict concavity and non-negativity of ϕ in the last inequality
(observing that the arguments of the two terms in the last expression are
strictly between 0 and 1). This is a contradiction, so Ω is connected. Since
M \Ω is also an optimal domain, M \Ω is also connected. If M = S2 then
the Jordan curve theorem implies that Ω is simply connected. 
Another ingredient in our proof will be the following statement concerning
the behaviour of the isoperimetric profile near ξ = 0:
Theorem 2. Let M be a smooth compact Riemannian surface. Then the
isoperimetric profile satisfies
h(ξ) =
√
4π|M |ξ − |M |
3/2 supM K
4
√
π
ξ3/2 +O(ξ2) as ξ → 0.
Note that since h(ξ) = h(1− ξ) this controls h near both endpoints.
Proof. Small geodesic balls about any point p are admissible in the definition
of h. The result of [8, Theorem 3.1] gives |Br(p)| = πr2
(
1− K(p)12 r2 +O(r4)
)
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and |∂Br(p)| = 2πr
(
1− K(p)6 r2 +O(r4)
)
. The upper bound follows since
|∂Br(p)| ≥ h(|Br(p)|/|M |).
To prove the lower bound, first choose ξ sufficiently small to ensure that
h(ξ) is much smaller than the injectivity radius of M . Then the optimal
region Ω corresponding to ξ lies inside a geodesic ball about some point p,
and the metric for g in exponential coordinates is equal to the metric for
the sphere of constant curvature K(p) times a factor (1 + O(|∂Ω|3)). The
isoperimetric inequality for the sphere gives
h (ξ) = |∂Ω|
≥
√
4π|Ω|
(
1− K(p)|Ω|
8π
+O(|∂Ω|3)
)
=
√
4π|M |ξ
(
1− K(p)|M |ξ
8π
+O(ξ3/2)
)
≥
√
4π|M |ξ − |M |
3/2 supM K
4
√
π
ξ3/2 +O(ξ2).

3. A comparison theorem for the isoperimetric profile
We begin with a technical statement comparing the isoperimetric profile
of a solution of normalized Ricci flow with a subsolution of a certain para-
bolic equation. Below we will see how to construct such subsolutions from
particular solutions of Ricci flow.
Theorem 3. Let ϕ : (0, 1) × [0,∞) → R be a smooth function which is
strictly concave and positive for each t ≥ 0, has lim supx→0 ϕ(ξ,t)4pi√ξ < 1 for
every t, and satisfies
∂ϕ
∂t
<
ϕ2ϕ′′ − ϕ(ϕ′)2
(4π)2
+ ϕ+ ϕ′(1− 2ξ)
on (0, 1)× [0,∞). Then for any smooth solution (M,g(t)) of the normalized
Ricci flow on the two-sphere which satisfies hg(0)(ξ) > ϕ(ξ, 0) for every
ξ ∈ (0, 1), we have hg(t)(ξ) ≥ ϕ(ξ, t) for every (ξ, t) ∈ (0, 1) × [0,∞).
Proof. We note that hg(t)(ξ) varies continuously in t and in ξ, and that for
ξ sufficiently close to either 0 or 1 we have hg(t)(ξ) > ϕ(ξ, t) by Theorem 2.
Therefore if the claimed inequality does not hold for all time, there exists
t0 > 0 such that hg(t)(ξ, t) > ϕ(ξ, t) for all ξ ∈ (0, 1) and all t ∈ [0, t0),
while hg(t0)(ξ) ≥ ϕ(ξ, t0) for all ξ ∈ (0, 1) and there exists ξ0 ∈ (0, 1) with
hg(t0)(ξ0) = ϕ(ξ, t0).
Let Ω0 ⊂ M be the region in M of area 4πξ0 for which |∂Ω| = ϕ(ξ0, t0),
and let γ0 = ∂Ω0. Since hg(t)(ξ) ≥ ϕ(ξ, t) for t ≤ t0 and all ξ, we have
|γ0|g(t) ≥ ϕ
( |Ω0|g(t)
4π
, t
)
ISOPERIMETRIC COMPARISON FOR RICCI FLOW ON THE TWO-SPHERE 5
for 0 ≤ t ≤ t0, and equality holds when t = t0. Since both sides of this
equation are differentiable in t, it follows that under normalized Ricci flow,
(2)
∂
∂t
|γ0|g(t)
∣∣∣
t=t0
≤ ∂ϕ
∂t
+
1
4π
ϕ′(ξ0, t0)
∂
∂t
|Ω0|g(t)
∣∣∣
t=t0
.
The time derivative on the left can be computed as follows:
∂
∂t
|γ0|g(t) =
∂
∂t
∫
γ0
√
gt(γu, γu) du = −
∫
γ0
(K − 1)ds = −
∫
γ0
K ds + ϕ,
where ds is arc-length along γ0. Since |Ω0|g(t) =
∫
Ω0
√
det g(t)
det g(t0)
dµ(g(t0)), we
find
∂
∂t
|Ω0|g(t)
∣∣∣
t=t0
= −2
∫
Ω0
(K − 1)dµ(g(t0))
Using the result of Theorem 1 we can apply the Gauss-Bonnet theorem,
yielding
∂
∂t
|Ω0|g(t)
∣∣∣
t=t0
= 2|Ω0| − 2
(
2π −
∫
γ0
k ds
)
= 8πξ0 − 4π + 2
∫
γ0
k ds,
were k is the geodesic curvature of the curve γ0. Thus the inequality (2)
becomes
(3) −
∫
γ0
K ds+ ϕ ≤ ∂ϕ
∂t
+
ϕ′
4π
(
8πξ0 − 4π + 2
∫
γ0
k ds
)
.
Now we observe that for any smooth family of domains |Ω(s)| in M with
Ω(0) = Ω0, we have (at t = t0) |∂Ω(s)| ≥ h
( |Ω(s)|
4pi
)
≥ ϕ
( |Ω(s)|
4pi , t0
)
, with
equality at s = 0. It follows that the derivative with respect to s of the
difference is zero at s = 0, and the second derivative is non-negative. We
consider for an arbitrary smooth function η along γ0 the smooth family of
domains with boundary defined by γs = {expz(sη(z)~n(z) : z ∈ γ0} where
~n(z) is the unit normal vector to γ0 at z which points out of Ω0. Then γs is
a smooth embedded closed curve for sufficiently small s, and we compute
d
ds
|Ω(s)|
∣∣∣
s=0
=
∫
γ0
η ds,
while
d
ds
|γs|
∣∣∣
s=0
=
∫
γ0
kη ds.
Therefore we have
0 =
∫
γ0
kη ds− ϕ
′
4π
∫
γ0
η ds.
Since η is arbitrary, this implies that k = ϕ
′
4pi along γ0. Now we consider the
special case where η ≡ 1, in which case the motion of the boundary is at
unit speed and we compute (noting |γ0| = ϕ)
d2
ds2
|Ω(s)|
∣∣∣
s=0
=
∫
γ0
k ds =
ϕ′
4π
|γ0| = ϕϕ
′
4π
,
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and since dds |γs| =
∫
γs
k ds = 2π − ∫Ω(s)K dµ for each s, we also have
d2
ds2
|γs|
∣∣∣
s=0
= −
∫
γ0
K ds.
Thus we have
(4) 0 ≤ −
∫
γ0
K ds− ϕ(ϕ
′)2
(4π)2
− ϕ
2ϕ′′
(4π)2
.
Now we put the inequalities (3) and (4) together, yielding
∂ϕ
∂t
≥ −
∫
γ0
K ds+ ϕ+ ϕ′(1− 2ξ0)− 2
(
ϕ′
4π
)2
ϕ
≥ ϕ(ϕ
′)2
(4π)2
+
ϕ2ϕ′′
(4π)2
+ ϕ+ ϕ′(1− 2ξ0)− 2ϕ(ϕ
′)2
(4π)2
=
ϕ2ϕ′′ − ϕ(ϕ′)2
(4π)2
+ ϕ+ ϕ′(1− 2ξ0).(5)
This contradicts the strict inequality assumed in the theorem, and completes
the proof. 
Now we proceed to the construction of solutions of the required differential
inequality. Our first step is to construct from any axially symmetric solution
of normalized Ricci flow on the two-sphere a solution of the corresponding
differential equation. The construction is built from metrics of the form
g˜ = e2u(φ)g¯
where g¯ is the standard metric on S2, u is a smooth even π/2-periodic
function, and φ ∈ [0, π] is the angle defined by
cosφ(x, y, z) = z.
Given such a metric, the area of the spherical cap of angle φ is
Au(φ) = 2π
∫ φ
0
e2u(s) sin s ds
and the length of its perimeter is
Lu(φ) = 2πe
u(φ) sinφ.
We require that the total area Au(π) of g˜ is 4π. Observing that Au is a
strictly increasing function, we have that Au has a well-defined inverse from
[0, 4π] to [0, π] which is smooth on the interior. We define
ϕu(ξ) := Lu ◦ A−1u (4πξ).
Under the normalized Ricci flow, the function u evolves according to the
equation
(6)
∂u
∂t
= e−2u
(
∂2u
∂φ2
+ cot φ
∂u
∂φ
)
+ 1− e−2u.
We prove the following:
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Theorem 4. If u is a solution of Equation (6), then the function ϕ(ξ, t) :=
ϕu(t)(ξ) satisfies
(7)
∂ϕ
∂t
=
ϕ2ϕ′′ − ϕ(ϕ′)2
(4π)2
+ ϕ+ ϕ′(1− 2ξ).
Furthermore, ϕ(ξ, t) = 4π
√
ξ
(
1− 12 (1− 2u′′(0)) ξ +O(ξ2)
)
as ξ → 0.
Proof. By definition, the function ϕu(t)(ξ) gives the length of the boundary
of the spherical cap about the north pole which has area 4πξ in the metric
g(t) = e2u(t)g¯. Therefore by construction for the family of spherical caps
Ω(s) = {φ ≤ s} we have the identity |∂Ω(s)|g(t) = ϕ
( |Ω(s)|g(t)
4pi , t
)
for every
s and every t. Hence the time derivative of this difference is zero, and the
second derivative with respect to unit speed normal motion is also zero, for
each s and t. That is, equality holds in (3) and (4), and rearrangement
gives the Theorem (note that by symmetry k is constant on each of the
curves ∂Ωs, so the vanishing of the first derivative with respect to unit speed
motion implies k = ϕ
′
4pi as required). The asymptotic behaviour follows from
the definitions of Lu and Au. 
We remark that the function ϕ will not in general be the isoperimetric
profile of the solution of normalized Ricci flow from which it is constructed.
For completeness we mention the following criterion for when this is the
case, although it is not needed for our main application:
Proposition 5 ([16, Theorem 3.5]). If the curvature K˜ of g˜0 = e
2u0 g¯ is
positive and is decreasing in φ on the interval (0, π/2), then ϕu(t)(ξ) is the
isoperimetric profile of g˜(t) for every t ≥ 0.
Finally, in order to apply Theorem 3, we need to modify the functions con-
structed above to obtain strict inequalities required both in the differential
inequality and at the boundary, as well as the strict concavity of ϕ.
The main requirement to accomplish this is that g˜ have positive curvature
(note that if this is true initially, then it remains true for positive times by
the maximum principle). In this case the equality in (4) gives
0 = −
∫
γ0
K˜ ds− ϕ(ϕ
′)2 + ϕ2ϕ′′
(4π)2
,
so that
(8) ϕ′′ = −(4π)2K − (ϕ
′)2
ϕ
< 0.
Theorem 6. Let g˜(t) be a rotationally symmetric solution of normalized
Ricci flow on the two-sphere with positive Gauss curvature, and let ϕ be
the corresponding solution of equation (7). Let g(t) be any smooth solution
of normalized Ricci flow on the two-sphere with hg(0)(ξ) ≥ ϕ(ξ, 0) for all
ξ ∈ (0, 1). Then hg(t)(ξ) ≥ ϕ(ξ, t) for all ξ ∈ (0, 1) and all t in the interval
of existence of g and g˜.
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Proof. For any ε ∈ (0, 1) define ϕε(ξ, t) = (1 − ε)ϕ(ξ, t). Then ϕ(., t) is
strictly concave for each t, we have hg(0)(ξ) > ϕε(ξ, 0) for all ξ, lim supξ→0
ϕε(ξ,t)
4pi
√
ξ
=
1− ε for each t, and
∂ϕε
∂t
− ϕ
2
εϕ
′′
ε − ϕε(ϕ′ε)2
(4π)2
− ϕε − ϕ′ε(1− 2ξ)
=
ε(1 − ε)(2 − ε)
(4π)2
(
ϕ2ϕ′′ − ϕ(ϕ′)2)
< 0
by the estimate (8). Thus Theorem 3 applies to yield hg(t)(ξ) ≥ ϕε(ξ) for
all ξ and t, and the result follows after letting ε approach zero. 
4. Comparison with the Rosenau solution
The Rosenau solution is an explicit axially symmetric solution of (nor-
malized) Ricci flow on the two-sphere. The metric is given by g(t) =
u(x, t)(dx2 + dy2), where (x, y) ∈ R× [0, 4π], where
u(x, t) =
sinh(e−2t)
2e−2t (cosh(x) + cosh(e−2t))
.
This extends to a smooth metric on the two-sphere at each time with area
4π, which evolves according to the normalized Ricci flow equation (1). A
direct computation gives the corresponding function constructed in Theorem
4 to be
(9) ϕ(ξ, t) = 4π
√
sinh(ξe−2t) sinh((1 − ξ)e−2t)
sinh(e−2t)e−2t
.
In particular the asymptotic behaviour is given by
ϕ(ξ, t) = 4π
√
ξ
(
1− 1
2
e−2t coth(e−2t)ξ +O(ξ2)
)
as ξ → 0.
In order to apply theorem 6 we need to be able to establish the required
inequality at the initial time:
Theorem 7. For any smooth metric g0 on the two-sphere, there exists t0 ∈
R such that hg0 ≥ ϕ(., t0), where ϕ is as given in Equation (9).
Proof. ϕ is continuous on [0, 1]×R, and strictly increasing in t for each ξ ∈
(0, 1). Also, we have limt→∞ ϕ(ξ, t) = 4π
√
ξ(1− ξ) and limt→−∞ ϕ(ξ, t) =
0. Therefore at values of ξ ∈ (0, 1) where hg0(ξ) < 4π
√
ξ(1− ξ) there is a
unique t(ξ) ∈ R such that hg0(ξ) = ϕ(ξ, t(ξ)). Furthermore, the asymptotic
behaviour of ϕ as ξ → 0 and Theorem 2 imply that e−2t∗ coth(e−2t∗) =
supM K, where t∗ = limξ→0 t(ξ). The left-hand side has decreases from
infinity to 1 as t∗ increases from −∞ to∞, and so there is a unique solution
for t∗. That is, t(ξ) extends to a continuous function from [0, 1] to R∪{∞},
and so is bounded below. Choosing t0 = inf{t(ξ) : ξ ∈ (0, 1)} gives the
result. 
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This, together with Theorems 6 and 2 yields the following:
Theorem 8. For any smooth solution of normalized Ricci flow on the two-
sphere, there exists t0 ∈ R such that
K(x, t) ≤ coth
(
e−2(t+t0)
)
e−2(t+t0)
for all points x and all t in the interval of existence of the solution. It follows
that K(x, t) ≤
√
1 + e−4(t+t0) ≤ 1 + 12e−4(t+t0).
5. Convergence to constant curvature
Since the curvature evolves by ∂tK = ∆K+K(K−1), we have the lower
bound K ≥ − 1et−1 for t > 0. Thus by Theorem 8 the curvature remains
bounded and the solution exists for all positive times, and we have bounds
of the form
(10) |∇(k)K|2 ≤ C(k, t0)(1 + t−k)
for every k, by a maximum principle boot-strapping argument as described
in [12, Section 7]. We show that the curvature converges in L1 to 1: By the
Gauss-Bonnet theorem and Theorem 8 we have
0 =
∫
M
K − 1 dµ ≤ −
∫
K≤1
|K − 1| dµ + 2πe−4(t+t0).
Rearranging gives
∫
K≤1 |K − 1| dµ ≤ 2πe−4(t+t0), and so
(11)
∫
M
|K − 1| dµ ≤ 4πe−4(t+t0).
The control on the isoperimetric profile bounds the isoperimetric constant
I = inf
{ |∂Ω|2
min{|Ω|,|M\Ω|} : Ω ⊂M
}
, and so also controls the constant in the
Sobolev inequality (see [6, Theorem 12, p.111]). This also bounds the con-
stants in the Gagliardo-Nirenberg inequalities (see the proof in [1, page 93]),
so
‖∇kK‖∞ ≤ C(k,m, t0)‖K − 1‖
m−k
m+2
L1
‖∇mK‖
k+2
m+2∞ ≤ C(k, ε, t0)e−(4−ε)t,
for any ε > 0 for t ≥ 1, using the estimates (11) and (10) withm large enough
for given ε > 0. The convergence of the metric to a constant curvature
metric now follows: The metric remain comparable to the initial metric and
converges uniformly to a limit metric, since for any nonzero v ∈ TM ,∣∣∣∣ ∂∂t log g(v, v)
∣∣∣∣ = 2|K − 1| ≤ Ce−2t
which is integrable. Convergence in C∞ follows as in [9, Section 17].
10 BEN ANDREWS AND PAUL BRYAN
References
[1] Thierry Aubin, Some nonlinear problems in Riemannian geometry, Springer Mono-
graphs in Mathematics, Springer-Verlag, Berlin, 1998. MR 1636569 (99i:58001)
[2] Christoph Bo¨hm and Burkhard Wilking, Manifolds with positive curvature operators
are space forms, Ann. of Math. (2) 167 (2008), no. 3, 1079–1097. MR 2415394
[3] Simon Brendle and Richard Schoen, Manifolds with 1/4-pinched curvature are space
forms, J. Amer. Math. Soc. 22 (2009), no. 1, 287–307. MR 2449060
[4] Simon Brendle and Richard M. Schoen, Classification of manifolds with weakly 1/4-
pinched curvatures, Acta Math. 200 (2008), no. 1, 1–13. MR 2386107
[5] Simon Brendle, A general convergence result for the Ricci flow in higher dimensions,
Duke Math. J. 145 (2008), no. 3, 585–601. MR 2462114
[6] Isaac Chavel, Eigenvalues in Riemannian geometry, Pure and Applied Mathematics,
vol. 115, Academic Press Inc., Orlando, FL, 1984. Including a chapter by Burton
Randol; With an appendix by Jozef Dodziuk. MR 768584 (86g:58140)
[7] Bennett Chow, The Ricci flow on the 2-sphere, J. Differential Geom. 33 (1991), no. 2,
325–334. MR 1094458 (92d:53036)
[8] Alfred Gray, The volume of a small geodesic ball of a Riemannian manifold, Michigan
Math. J. 20 (1973), 329–344 (1974). MR 0339002 (49 #3765)
[9] Richard S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential
Geom. 17 (1982), no. 2, 255–306. MR 664497 (84a:53050)
[10] , The Ricci flow on surfaces, Mathematics and general relativity (Santa Cruz,
CA, 1986), Contemp. Math., vol. 71, Amer. Math. Soc., Providence, RI, 1988, pp. 237–
262. MR 954419 (89i:53029)
[11] , An isoperimetric estimate for the Ricci flow on the two-sphere, Modern meth-
ods in complex analysis (Princeton, NJ, 1992), Ann. of Math. Stud., vol. 137, Prince-
ton Univ. Press, Princeton, NJ, 1995, pp. 191–200. MR 1369139 (96k:53059)
[12] , The formation of singularities in the Ricci flow, Surveys in differential ge-
ometry, Vol. II (Cambridge, MA, 1993), Int. Press, Cambridge, MA, 1995, pp. 7–136.
MR 1375255 (97e:53075)
[13] G. Perelman, The entropy formula for the Ricci flow and its geometric applications
(2002), available at arXiv:math/0211159v1[math.DG].
[14] , Ricci flow with surgery on three-manifolds (2003), available at
arXiv:math/0303109v1[math.DG].
[15] , Finite extinction time for the solutions to the Ricci flow on certain three-
manifolds (2003), available at arXiv:math/0307245v1[math.DG].
[16] Manuel Ritore´, Constant geodesic curvature curves and isoperimetric domains in ro-
tationally symmetric surfaces, Comm. Anal. Geom. 9 (2001), no. 5, 1093–1138. MR
1883725 (2003a:53018)
MSI, ANU, ACT 0200 Australia
E-mail address: Ben.Andrews@anu.edu.au
MSI, ANU, ACT 0200 Australia
E-mail address: Paul.Bryan@anu.edu.au
